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Intermittency in Hydrodynamic Turbulence

Definitions and implications

〈(u(x + l)− u(x))p〉�∝ lp/3 ⇒ Turbulent
fields are not self-similar, they are
intermittent or multi-fractal.

Chapitre II. Le vent solaire, un formidable laboratoire pour l’étude de la
turbulence plasma

Figure II.4 – Iso-surfaces de vorticité pour des structures appartenant aux échelles inertielles obte-
nues à partir d’une simulation numérique directe forcée des équations de Navier-Stokes correspondant
à Re = 433. Bürger et al. 2012 [2].

traditionnellement appelée échelle de Kolmogorov), 1

lD ∼ (ν3/ε)1/4 ∼ LRe−3/4, (II.3)

où L est l’échelle d’injection d’énergie (échelle intégrale) et Re = δuL/ν est le nombre de
Reynolds (rapport du terme non- linéaire sur le terme visqueux). Le système devient tur-
bulent quand les non-linéarités dominent, donc pour Re � 1, c’est à dire quand lD � L.

1. Puisque en régime stationnaire le taux de dissipation d’énergie ε doit être égale au taux d’injection,
on a d’après (II.2), u3

L/L ∼ ν(u2
lD
/l2D), or au niveau de l’échelle de dissipation les termes non-linéaires et

visqueux sont du même ordre donc ulD lD/ν ∼ 1, d’où lD ∼ (ν3/ε)1/4 ∼ LRe−3/4.
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: Iso-contours of vorticity from direct numerical
experiment. Bürger et al 2012.
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Fig. 1.2 – Densité de probabilité P(δlu) des incréments de vitesse Eulérienne
sur les signaux expérimentaux de Baudet et Naert (Rλ = 380). Les den-
sités sont normalisées et une variance unité est imposée à chaque échelle.
Les densités obtenues aux échelles (respectivement de haut en bas) l/L =
0.00092, 0.0018, 0.0035, 0.0070, 0.014, 0.028, 0.056, 0.12, 0.22, 0.44, 0.8 et 1, ont été décalées
arbitrairement en ordonnée par souci de clarté. Pour l = L, nous avons tracé en trait
continu la densité Gaussienne de variance unité : P(x) = exp (−x2/2) /

√
2π.

Le phénomène d’intermittence est donc mis en évidence à travers la non linéarité du
spectre ζEq . De manière plus directe, et sans présupposer un comportement en loi de puis-
sance pour les fonctions de structure, le phénomène d’intermittence est responsable de
la déformation des densités de probabilité des incréments de vitesse à travers les échelles
P(δlu) [9, 92–98, 132–134]. Comme nous le voyons sur la figure 1.2, P(δlu) est de forme
Gaussienne à l’échelle intégrale L. Lorsque l’échelle l diminue, la densité de probabilité se
déforme continûment, et dévie fortement du cas Gaussien. Nous constatons ainsi que les
évènements violents, c’est-à-dire ceux tels que δlu atteint plusieurs fois l’écart-type, sont

: PDFs of structure functions from
experimental signals (ENS Lyon).
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Wave turbulence and Intermittency

•Weak turbulent theory is based on assumption of phase
stochasticity which precludes the possibility of intermittency
phenomena and thus the presence of coherent structures

• In almost all cases, weak turbulence contains within its solutions
behavior which invalidates the premises on which the theory is
based in some spectral range.
• The dynamic breakdown of the weak turbulence description gives
rise to fully nonlinear and intermittent behavior

Example : Water Gravity Waves
As the energy cascade to smaller scales the nonlinearity
increase. When the inertial forces are greater than
gravity, the water particles do not remain attached to
the surface and the wave break.

Note that in order for our analysis to give the correct description of the PDF tail,
the nonlinearity must remain weak for the tail, which means that the breakdown
must occur far from the PDF core, i.e. hJi ) JCB. On the other hand, when
hJi*JCB one has a strong breakdown predicted in [1, 6] which is hard to describe
rigorously due to strong nonlinearity. The scale of strong breakdown knl was found
in [1, 6] by estimating the ration of the linear and the nonlinear timescales using
the kinetic equation, in our notations CK=xk, and equating this ratio to one (thus
finding the scale at which the nonlinearity becomes strong). In [3] it was shown
that the same estimate can be obtained from a simple dimensional analysis of the
same type as we have used in Chap. 3. For the gravity water waves this gives

knl( !"2=3g: #11:10$

Exercise 11.1 For the gravity water waves knl could be found from a simple
physical argument. For this we note that the energy in the gravity wave is pro-
portional to the mean square of the wave hight, hh2i, and independent of its
wavelength. Indeed, in linear and weakly nonlinear waves, according to the virial
theorem, the averaged kinetic and potential energies are equal, and thus both are
making equal parts in the total wave energy. The potential energy of a sinusoidal
wave is proportional to the mean square height and is independent of the wave-
length. Therefore, when energy is cascading from long to short waves, the wave
amplitude remains equal to its initial value h0, see Fig. 11.5. Thus the nonlinearity
is increasing along the cascade to smaller scales, and it becomes strong when the
fluid surface slope becomes *1, i.e. knl *1/h0.

Is this argument consistent with the estimate 11.10? If yes, show that it gives the
same result. If not, find the flaw.

11.2 Wave Turbulence Life Cycle

Above, we saw that extending the WT description to PDFs leads to revealing new
type of solutions with fluxes in the wave amplitude space. Is there a relation
between these amplitude fluxes and the k-space fluxes associated with the KZ
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Fig. 11.5 Energy cascade in
the system of water gravity
waves. Conservation of
energy means that the wave
height remains equal to its
initial value h0

11.1 Solutions for the One-Mode PDFs and the Moments 177
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Brief overview of MHD Weak Turbulence Theory

Triadic interaction and resonances

∂z±

∂t
∓ b0 · ∇z± = −z∓ · ∇z± −∇P∗

z±j ≡

∫
R3

ẑ±j (k, t)eik·xdk =

∫
R3

[
εa±j (k, t)eisωk t

]
eik·xdk

∂a±j (k)

∂t
= −iεkmPjn

∫
a∓m (q)a±n (p)e±i(ωk−ωp+ωq)t

δ (k− p− q) dpdq

Weak nonlinearity limit is given by the ordering a±j ∼ 1 and

ε� 1⇒ a±j change in time much slower than the linear oscillation

⇒ z±k/b0k‖ � 1 .

In the long time statistical behavior most of the nonlinear terms will
be destroyed by random phase mixing and only a few of them – called
the resonance terms – will survive.{

ωk = ωp − ωq

k = p + q
⇒ q‖ = 0

In any resonantly interacting wave triad, there is always one
"wave" that corresponds to a purely 2D motion.

(cf. (5.3)). Here, we chose a box with different parallel and perpendicular
dimensions because, as we will see later, these dimensions play drastically dif-
ferent roles. In particular, only Lz ?? limit is needed for the kinetic equation to
work, whereas the perpendicular wavevector components may remain discrete.

Let us now introduce the interaction representation action variables:

c)k # ik?f̂
)
k eix)t=!; $14:8%

where ! is a positive real number which will help us later to keep track of the
nonlinearity order (cf. 6.14). As before in Chap. 6 (Sect. 6.3), we will consider a
weak nonlinearity limit by accepting ordering c±*1 and !( 1 corresponding to
disturbances which are weak compared to the external field. Later, we will perform
expansions in small !. In such a weakly nonlinear system the variables c± will be
useful because they change in time much slower than the linear oscillations, which
will allow us to separate the linear and the nonlinear time-scales. Thus, we let us
re-write our equations in terms of these variables,

_c)k # !
X

1;2

Vk12 e)2ik1z tc*1 c)2 dk
12; $14:9%

where for brevity c)1;2 # c)$k1;2%, and

Vk12 # V$k?; k1?; k2?% #
$k? ' k2?%$k1? & k2?%z

k?k1?k2?
$14:10%

is the interaction coefficient.
So far, we have not made any additional assumptions, i.e. (14.9) is equivalent to

the original RMHD (14.1) and (14.2).
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Fig. 14.1 Alfvén wave
packets with ‘‘+’’ and ‘‘-’’
polarizations. The ‘‘+’’ and
the ‘‘-’’ wavepackets have
their group velocities directed
strictly along and strictly
against the external magnetic
field B0 respectively,
u)g # )B0 (independent of
the wavenumber k)
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: Alfvén waves packet with
"+" and "−" polarizations.

On the other hand, according to expression (14.13) the perpendicular component
c)?$k?% is the same as in the pure 2D modes, c)?$k?; t% # c)$k; t%jkz#0, and
therefore we can expect the dual cascade behavior for this component. Namely, for
the integrated over kz energy spectrum we have the following. If there is no
magnetic field present at the kz = 0 modes then the kz-integrated spectrum can
coincide with either the direct enstrophy or inverse enstrophy cascade spectra of
2D Navier-Stokes turbulence (described in Sect. 2.1.3).

Independence of the kz-part of the 3D spectrum of time means that there are no
energy transfers in the kz-direction, and all cascades occur in the perpendicular
directions only. Such transverse cascade lead to increase of WT anisotropy,
kz/k\?0, as illustrated in Fig. 14.2. This justifies our use of the RMHD model (i.e.
an anisotropic limit of the MHD model).

Now, let us estimate the frequency broadening C, which, in accordance with the
notations introduced in Chap. 10, we will call CD (discrete regime). As we
mentioned in Chap. 10 and in the beginning of this chapter, in the MHD case the
number of dynamically important wavesM, which are in resonance with mode k,
is large. Indeed, due to the degenerate (non-dispersive) dispersion relation
x± = ±kz, the frequency resonance is satisfied by every three modes two of which
have the same kz’s and the third one has kz = 0, and which are in a triad
k\-resonance. There are infinite number of these resonances for each k, but,
assuming locality, the number of dynamically important interactions is finite,
M/$k?L?%2. Using this estimate in (14.12) (i.e. replacing the sum withM), and
taking V *k\, we get

CD/$k?L?%2k?c?/$k?L?%2k2
?f̂k/ k2

?f/ k?~b/ k?u: $14:15%

This estimate is typical for hydrodynamic turbulence, which is natural con-
sidering our previous observation that the 3D modes are slaved to the purely 2D
(strong) turbulence.

Thus, the discrete regime condition (14.11) becomes

~b
B0
( 2p

k?Lz
. Dkz

k?
; $14:16%

where we put back B0 (B0 = 1 above for simplicity).
This very simple inequality has a profound meaning: in weakly nonlinear

systems with ~b=B0\1 the largest scales are likely to be in the discrete regime, i.e.
they are enslaved to the kz = 0 mode. For example, in numerical simulation of

perp

kz

k0

Fig. 14.2 Anisotropization
of MHD spectrum due to
suppressed energy transfer in
the kz-direction
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Brief overview of MHD Weak Turbulence Theory
Wave kinetic equations (Galtier et al. 2000) :

∂E±(k⊥, k‖)

∂t
=
πε2

B0

∫ ∫
∆

cos2
φsinθ

k⊥
q⊥

E∓(q⊥, 0)
[

k⊥E±(p⊥, k‖)− p⊥E±(k⊥, k‖)
]

dp⊥dq⊥

The parallel wavenumber dependence does not affect the nonlinear dynamics, there is no
transfer along B0 and k‖ can be treated as an external parameter ⇒ continuity assumption :
E±(k⊥, k‖) = E±(k⊥)f±(k⊥), where f± are arbitrary functions of k‖

Finite Flux Solution :

{
∂E±(k⊥)

∂t
= −

∂Π±(k⊥)
∂k⊥

E±(k⊥) ∼ k
n±
⊥

⇒ n+ + n− = −4

This derivation is problematic because it involves
treating k‖ = 0 modes as waves. For an different
treatment, see A.A. Schekochihin et al. PRE 2012

702 J. Saur et al.: Turbulence in Jupiter’s magnetosphere

Fig. 1. Geometry of observational setup in the middle Jovian
magnetosphere where Jupiter is at center right. Note that the
Io plasma torus is displayed in a highly idealized fashion. The
plasma of the Jovian magnetosphere actually extends further
outwards from the Io torus but is mainly confined to the equa-
torial region of the magnetosphere. Note also that the Jovian
magnetic field axis is inclined by 10 degrees with respect to its
spin axis.

we derive the main results. The issue of how weak is the
turbulence in the Jovian magnetosphere is addressed in
the concluding section (see also Table 2), together with a
discussion of the results.

2. Data analysis

We use the magnetic field measurements of the Galileo
spacecraft for the years 1995 to 1999, which we have re-
ceived from the Planetary Data System. Since high reso-
lution measurements are very scarce, because of Galileo’s
antenna problem, we consider the data set which provides
the largest temporal coverage, called the BROWSE data,
that are magnetic field data mostly averaged over 12 or
24 s. We did not use the data of orbit C03 (for nomen-
clature see e.g. Russell et al. 2000) since the data that
we have received had been smoothed for technical reasons
by a two minute averaging window (M. Kivelson, private
communication).

We restrict ourselves to the middle magnetosphere be-
tween the orbits of Io and Callisto, i.e., between 6 and
26 RJ, with the radius of Jupiter RJ = 71 400 km (for
the observational setup see Fig. 1). We chose not to use
data for the whole magnetosphere in order not to mix up
several different effects that take place in the Jovian mag-
netosphere in significantly different regions, such as re-
gions with open field lines configurations. With this choice,
we also ensure that the magnitude of the fluctuations are
small compared to the background magnetic field, which
is the parameter regime where we want to perform our
analysis.

For our analysis window between 6 and 26 RJ, the bulk
velocity vbulk of the magnetospheric plasma ranges from
63 km s−1 near Io to vbulk = 200 km s−1 at Callisto (i.e.
close to Io, the plasma is in nearly full corotation while at
Callisto the deviations are already about 40%). Referring
to Table 2, we see that vbulk is expected to be greater
than the fluctuation speed δvA throughout the region of
interest. Consequently we can employ the familiar Taylor
frozen–in flow assumption that allows time separations to
be interpreted as spatial separations, and therefore fre-
quency spectra to be interpreted as reduced wavenumber
spectra. This approximation is used in a number of ap-
plications, such as for the solar wind (e.g., Jokipii 1973;
Matthaeus & Goldstein 1982).

We divide the whole data set in blocks of length one
hour in order to analyze only the magnetospheric compo-
nents of the signal that have periods short compared to
Jupiter’s rotation period of ten hours. This choice of in-
terval length is also intended to allow a stable estimate
of the local mean magnetic field in each 1 hour bin. For
the periodically varying background field, this corresponds
to dividing one period of a sinusoidal field into 10 aver-
aged subsets. It thereby enables us also, to distinguish
effects due to different projections on the changing back-
ground magnetic field. In addition, the one hour period
separates intervals according to whether they are in or
out of the Jovian centrifugal equator. The choice of inter-
val length is a compromise between staying clearly under
the 10 hour rotation period of Jupiter, which determines
the background field, and a need to have sufficient data in
each block to calculate meaningful power spectra.

In addition, we search the one hour data blocks out of
the full data set so that the maximum data gap in each
block is less than or equal to 24 s. With this procedure we
find a total of 1066 one hour blocks. We then interpolate
the data within each block on an equidistant grid with
257 points, i.e. to a temporal resolution of 14 s.

In each block, we work with a local coordinate sys-
tem and thus rotate the data in such a way that the
z-axis is anti-parallel to the local background magnetic
field B0, and thus points mostly northward. B0 is calcu-
lated from the average measured field within each 1 hour
block. We choose the x-axis to be in the plane given by the
background field and the direction of rotation of the spin
equator. The y-axis completes the right-handed coordi-
nate system. Finally, we remove the background magnetic
field and its trend calculated from the actual data. We
then use the method of increments, i.e. we work with the
time series ∆B(tn+1) = B(tn+1)−B(tn) (see Bieber et al.
1993) to remove non-stationary elements out of the data
(see two paragraphs below). This is essentially equivalent
to prewhitening the data and then postdarkening after the
spectral analysis. Finally we calculate the power spectra
for each magnetic field component using the Fast-Fourier-
Transformation in a frequency range f0 = 2.78 × 10−4 Hz
to 3.57 × 10−2 Hz following the conventions in Bendat &
Piersol (1971).

: Geometry of observational setup in
the middle Jovian magnetosphere.
Saur et al. 2002
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Parameters of the numerical experiences
Problematic

• What is the influence of the strongly turbulent 2D modes on weak MHD
turbulent intermittency ?

Parameters of the numerical experiences
CASE A : Full equations
CASE B : u(k⊥, k‖ = 0) = b(k⊥, k‖ = 0) = 0 at each time step

nx × ny × nz Eu
t=0 = Eb

t=0 |B0|
∫

V
u · bdx ν3

1536× 1536× 128 0.5 20.0 0 4.10−15

TURBO = Solver for TURbulent flows with periodic BOundary conditions.

Incompressible MHD Open Source solver (http ://aqua.ulb.ac.be/turbo)
B. Teaca et al. PRE 2009
Pseudo-spectral
FFTW
Runge-Kutta 3 (Williamson 1980)
Parallelized in one direction using MPI
Shift dealiasing
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Numerical Results

χ
± =

k⊥z±⊥
k‖b0

< 0.03 ∀ (k⊥, k‖), k‖ 6= 0
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: Transverse wave number Elsässer energy spectra.

A spectrum compatible with the
Kolmogorov-Zakharov prediction in k−2

⊥ is
clearly observed for the 3D modes (k‖ > 0) but
not for the 2D modes (k‖ = 0).

For case A, strong intermittency is revealed.
For case B intermittency is strongly reduced.
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Numerical Results

|k‖| − ω/(2b0) spectrogram of the magnetic energy at k⊥ = 64
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Comparison with weak wave EMHD turbulence

Direct numerical simulations EMHD turbulence (Meyrand et al. PRL 2013)

∂b
∂t

= −di∇× [(∇× b)× b] + ηh∇
6b

nx × ny × nz di B0 EB
t=0

512× 512× 128 1 15 0.5

model [21]. The case of a plasma embedded in an external
magnetic fieldb0 is evenmore difficult to investigate because
numerically it brings a strong constraint on the time step and
physically it leads to anisotropy. Nevertheless, this situation
has been investigated numerically in strong turbulence
[10,19,27] and analytically in weak turbulence [28,29]. In
theEMHD limit, 3DDNS reveal that a state of critical balance
may be reached [30,31]when the externalmagnetic fieldb0 is
of the order of the fluctuations.
In this Letter, EMHD turbulence is studied through 3D

DNS and under the influence of a relatively strong uniform
b0. A new turbulence regime is found for which the mag-
netic energy spectrum is compatible with k−8=3⊥ . This result
might be interpreted with a heuristic model in which the
transfer in the parallel direction is negligible.

EMHD turbulence.—Our numerical simulation is based on
the 3D incompressible EMHD equations:

∂tbþ b0∂∥ð∇ × bÞ ¼ −∇ × ½ð∇ × bÞ × b� þ η3∇6b; (2)

∇ · b ¼ 0; (3)

where b is magnetic field normalized to a velocity
(b →

ffiffiffiffiffiffiffiffiffiffiffiffiffi

μ0nmi
p

b, with mi the ion mass) and ∥ is the direc-
tion along the external magnetic field b0 ¼ b0e∥. (Note that
we have fixed the dimensionless parameter di ¼ 1.) An
inertial range can be clearly defined, in particular, if the
dissipative term implies derivatives of higher degrees than
that present in the nonlinear term, hence the hyperdiffusiv-
ity η3. From a numerical point of view, it is also a condition
to avoid the emergence of numerical instabilities.
From Eq. (2) we may define two time scales: i.e., the

Alfvén-whistler wave time τw ∼ 1=ðk∥kb0Þ and the nonlin-
ear time τnl ∼ 1=ðk2bÞ. In strong turbulence, it is generally
assumed that such a system reaches a critical balance
regime [30,31] for which the relation τw ∼ τnl holds in
the inertial range. Because of the anisotropy, we may
assume k⊥ ≫ k∥ and rewrite the critical balance relation as

k∥b0 ∼ k⊥b: (4)

A heuristic approach in the manner of Kolmogorov leads to
the (reduced) spectral prediction:

Eðk⊥Þ ∼ ε2=3k−7=3⊥ ; (5)

where ε is the mean energy transfer rate per unit mass.
A combination of Eqs. (4) and (5) leads to k∥ ∼ k1=3⊥ ,
and finally to

Eðk∥Þ ∼ ε2=3k−5∥ : (6)

It is important to recall that in the critical balance phenom-
enology the symbol ∥ means the direction parallel to the
localmean magnetic field which is not necessarily the same

direction as the external magnetic field. However, in our
situation where δb=b0 ∼ 0.1, with δb the magnetic fluc-
tuation, we may assume that the local and global directions
are roughly the same [32]. Clearly, the approximation is
much better for the perpendicular direction. Note that
anisotropy of the local structure function is not a measure
of anisotropy of the energy spectrum [33] which renders
any local definition of a mean field nonuniversal and there-
fore not well adapted for statistical studies of turbulence.

Numerical results.—We use a modified version of the
TURBO code [26,34] in which we have implemented
the Hall term. Equation (2) is solved using a pseudospec-
tral solver with periodic boundary conditions in all three
directions. We use 5122 × 128 collocation points, the
lower resolution being along the b0 direction for which
the transfer is reduced. The initial state consists of mag-
netic field fluctuations with random phases such that the
energy is equal to 1=2 and localized at the largest scales of
the system (see Fig. 1). The solver uses a fast Fourier
transform algorithm for the space discretization and a
third-order Williamson-Runge-Kutta method for the time
advancement. The time step is computed automatically to
be consistent with the Courant-Friedrich-Levy criterion;
we have fixed the Courant-Friedrich-Levy coefficient
equal to 0.4. The nonlinear terms are partially dealiased
using a phase-shift method [35]. We fix η3 ¼ 10−11 and
b0 ¼ 15 (a limit never explored before in previous similar
DNS). External forcing is not included. Our analysis is
made at a time where the mean dissipation rate reaches
its first maximum.
The perpendicular and parallel magnetic energy spectra

are defined as

Eðk⊥Þ ¼
1

2
hjbðkÞj2iC; Eðk∥Þ ¼

1

2
hjbðkÞj2iD; (7)

where hi means an integration over a cylinder (C) or a disk
(D) whose axis of symmetry is b0. These spectra are
reported in Fig. 1. Note that they have the same form at

FIG. 1. Parallel (dashed line) Eðk∥Þ and perpendicular (solid
line) Eðk⊥Þmagnetic energy spectra compared, respectively, with
k−5∥ and k−8=3⊥ . The initial spectra are displayed in gray. Inset: The

perpendicular spectrum compensated by k8=3⊥ is flat, whereas a

k−7=3⊥ scaling should follow the power law k1=3⊥ .
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The log-Poisson law for weak wave MHD turbulence

〈(δz+)p/2〉〈(δz−)p/2〉 = Cplζ(p)
⊥

ζp =
p
8

+ C0 − C0

(
1−

3
4C0

)p/2

C0 = 1.08→ weak MHD turbulence is
mainly characterized current sheets
highly elongated in the parallel
direction.

romain.meyrand@obspm.fr 10 / 16



ISSN 0022-1120 10 May 2015

VOLUME 770

VOLUME

770

10 May
2015

770
10 May 2015

1 A numerical toolkit to understand
the mechanics of partially saturated
granular materials
J.-N. Roux

5 Driven particles at fluid interfaces acting
as capillary dipoles
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Three-dimensional numerical simulation is used to investigate intermittency in
incompressible weak magnetohydrodynamic turbulence with a strong uniform
magnetic field b0 and zero cross-helicity. At leading order, this asymptotic regime
is achieved via three-wave resonant interactions with the scattering of a wave on a
2D mode for which k‖ = 0. When the interactions with the 2D modes are artificially
reduced, we show numerically that the system exhibits an energy spectrum with k−3/2

⊥ ,
whereas the expected exact solution with k−2

⊥ is recovered with the full nonlinear
system. In the latter case, strong intermittency is found when the vector separation
of structure functions is taken transverse to b0. This result may be explained by the
influence of the 2D modes whose regime belongs to strong turbulence. In addition
to shedding light on the origin of this intermittency, we derive a log-Poisson law,
ζp= p/8+ 1− (1/4)p/2, which fits the data perfectly and highlights the important role
of parallel current sheets.

Key words: intermittency, MHD turbulence, wave–turbulence interactions

1. Introduction

One of the most striking features of strong hydrodynamic (HD) turbulence is the
presence of both a complex chaotic spatial/temporal behaviour and a remarkable
degree of coherence. The small-scale correlations of turbulent motion are known to
show significant deviations from the Gaussian statistics usually expected in systems
with a large number of degrees of freedom (She, Jackson & Orszag 1988). This
phenomenon, known as intermittency, has been the subject of much research and
controversy since its first experimental observation in 1949 (Batchelor & Townsend
1949). It still challenges any tentative rigorous analytical description from first
principles (i.e. the Navier–Stokes equations). Intermittency can be measured by

† Email address for correspondence: sebastien.galtier@lpp.polytechnique.fr
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Transition to strong turbulence

The necessary condition for the existence of
weak MHD turbulence is that the time ratio
χ(k⊥, k‖) ≡

τw

τnl
= k⊥b

k‖b0
� 1.


χ(k⊥, k‖) =

k⊥b
k‖b0

b2

k⊥
∼ k−2
⊥

⇒ χ(k⊥, k‖) ∝
k1/2
⊥

k‖b0

There exists a critical scale beyond which the weak turbulence cascade drives itself
into a state which no longer satisfies the premise on which the theory is based.

Can χ grows indefinitely ? No because turbulent motions in two planes
perpendicular to the mean field can only remain correlated if τA < τnl .

Critical balance conjecture : τnl ∼ τw .

(amended by A. Mallet et al. MNRAS 2015)

The axisymmetric energy spectrum is of the Kolmogorov type ∼ k−5/3⊥ .
A non-trivial relationship exists between the parallel and perpendicular wave
numbers in the form k‖ ∼ k2/3⊥ .
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Results form direct numerical simulation (30722 ∗ 256)
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: Iso-contours of the bi-dimensional magnetic
energy spectrum (the amplitudes are in a
logarithmic scale). A power law k2/3

⊥ is
plotted for comparison in the region
corresponding to strong wave turbulence.
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Results form direct numerical simulation (30722 ∗ 256)

: Wavenumber–frequency spectrum of the
magnetic energy fluctuations at k‖ = 5. The
color map is normalized to the maximal value
of the spectrum at each fixed k⊥. For
comparison we plot k2/3

⊥ (solid) and k⊥
(dash-dot).

: Snapshot of the magnetic field modulus in a
fraction (9%) of the plane perpendicular to b0.
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Snapshot of the current density modulus
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Conclusion

Strong intermittency is shown to exist in weakly interacting Alfvén waves
turbulence.
The intermittency can be modelled with a log-Poisson law.
The 2D modes play a central role via the dissipative structures, the model
shows that the topology of these structures is very much like parallel sheets.
Contrary to common belief, the presence of intermittency in MHD
turbulence is not necessarily a proxy of strong turbulence.
The turbulence regime after the breakdown of the weak turbulence
description is consistent with the establishment of CB.
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