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Turbulent Heating of the Corona and Solar Wind 
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• Waves, launched by the Sun, transport energy outwards 

• The waves become turbulent, which causes fluctuation energy 
to cascade from large scales to small scales 

• Small-scale fluctuations dissipate, heating the corona and 
launching the solar wind



• Taking velocity moments of the gyro-averaged Vlasov 
equation leads to the steady-state equations

Empirically Determined Heating Rates 

• (T⏊  measures the speed of thermal motions perpendicular to B, and T||  

measures the speed of thermal motions parallel to B.)
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rates are zero, you get 
back CGL double-
adiabatic expansion)
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• What do the observed temperature profiles tell us about the parallel and 
perpendicular proton heating rates in the corona and solar wind?



Perpendicular Ion Heating in Coronal Holes

 (Esser et al 1999)

• These are perpendicular temperatures inferred from line widths 
observed at the Sun’s limb.  There is strong perpendicular heating of 
protons and minor ions in the solar corona.



Perpendicular Proton Heating in the Solar Wind
MARSCH ET AL.: SOLAR WIND PROTONS 69 
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Fig. 19. Average dependence of proton temperature Tñ•, on 
solar radial distance in the same format as in Figure 18. 

generally turns out to be smaller than T•.•,, because it is then 
comparable with the proton core temperature [Rosenbauer 
et al., 1977]. It may be concluded from Figure 18 that the 
protons are considerably heated during the wind expansion 
from 0.3 to 1 AU because they are far away from an 
adiabatic behaviour (at least in fast streams), which would 
demand T,,p -• R -•'33. On the other hand, in a simple single- 
particle picture, protons would keep their original chromo- 
spheric temperature and then would not show any radial 
temperature decline. According to the refined exospheric 
theory of Jockers [1970], a temperature gradient for T•, has 
to be expected, which again is weaker than measured in situ 
by the Helios plasma analyzer. The actual gradients obtained 
by Helios in different solar wind speed regimes lie between 
those predicted by these contrary physical pictures. 

Figure 19 shows the radial dependence of the temperature 
T•_p of the protons. Within the mean square deviations of the 
derived power law indices, which amount to about 10-20%, 
no significant differences in the radial dependence are ob- 
tained for the various solar wind velocities. But note the 
steeper gradients for Tñ•, than for T•, (Figure 18), indicating 
a stronger cooling of the perpendicular degrees of freedoms. 
But T•_e also shows a weaker than adiabatic cooling, namely 
T•_e --- R -1'ø7. This result is also in contrast to the R -2 
dependence one would expect if the magnetic moment of the 
particles were conserved. It seems worthwhile to emphasize 
again that the dispersion in the power index with the solar 
wind speed is larger for T•, than for Tñ•,. In slow solar wind 
(V•, < 400 km/s) both temperature gradients are similar (R -• 
with a power index I -< a -< 1.2), but with increasing wind 
speed the differences between the profiles for T•, and Tñ•, 
become more obvious. A corresponding investigation of the 
dependence of alpha particle temperatures on radial distance 
from the sun has been published by Marsch et al. [this issue]. 

Only sparse material is available in the literature concern- 
ing temperature gradients determined by in situ measure- 
ments. Eyni and Steinitz [1978] have confirmed that proton 
cooling occurs within the orbital range of Mariner 2, yielding 
a power law T•, --- R -• with a = 0.8. In this work no 
restriction to different velocity classes was applied and the 

two temperatures T,,•, and Tñ•, were not considered separate- 
ly. Their results are roughly consistent with ours. Proton 
temperature heliocentric gradients have also been presented 
by Mihalov and Wolfe [1978] deduced from Pioneer 10 
measurements between 1 and 10 AU. They found T•, --• 
R -ø'52 which is flatter than all temperature profiles that have 
been derived from Helios measurements. An even weaker 
dependence'of the proton temperature on heliocentric radial 
distance has been obtained by the Voyager 2 spacecraft 
between 1 and 3.5 AU [Belcher et al., 1981], i.e., T•, --• R -ø'3. 
But these authors also did not classify the data according to 
different solar wind velocities and did not differentiate 
between T•, and Tñ•,. Their results obviously disagree with 
Helios observations, if extrapolated to radial distances with- 
in 1 AU. This discrepancy may partially be due to the 
relatively crude averaging procedure used and due to the 
very different time of the solar cycle when the Voyager 2 and 
Pioneer 10 observations were made. But it is more likely that 
the differences found in the radial variation of proton tem- 
peratures are real. Then one would have to conclude that at 
radial distances larger than 1 AU the solar wind expansion 
possibly becomes more isothermal than within the earth's 
orbit. At larger radial distances strong stream interactions 
probably lead to enhanced conversion of bulk kinetic into 
thermal energy. Corotating shocks may also cause additional 
ion heating. 

Finally, some general comments may be made, which 
apply to all derived average radial gradients presented in this 
paper. Only a very limited data set corresponding to radial 
line up configurations of both Helios probes exists. Under 
those favorable conditions radial gradients of plasma param- 
eters within nearly the same flux tube of a stream could be 
derived [Schwenn et al., 1981b]. In our approach we have 
simply averaged the data over 0.1 AU wide radial intervals 
for comparable solar wind states, with the bulk speed used 
as an order parameter. We must admit that this procedure 
yields gradients which are approximate and limited when 
compared with the 'true' gradients within a well-defined 
stream that maintains its identity during the radial expan- 
sion. A finer velocity and radial classification in our analysis 
was not expected to give more precise results. Possibly the 
most serious bias is due to the limited data set (Helios 1-2 
primary missions), which was used for the present study, 
because during this time period each probe traversed only 
once the radial distance between earth and sun. On the over 
hand, if one tried to get better statistical significance by 
considering longer time periods of observations, he would 
run an even greater risk of mixing states of the solar wind 
plasma that are not really comparable at all. Nevertheless, 
the average radial dependences of various parameters as 
presented in this paper provide further constraints on theo- 
retical work about coronal expansion and solar wind and 
may help to judge the reliability of various models as 
reviewed for example by Hollweg [1978]. 

7. SUMMARY AND CONCLUSIONS 

This study was concerned with proton three-dimensional 
velocity distributions in the solar wind, a complete phenom- 
enology of their forms and shape, and a study of derived 
moments and other characteristic plasma parameters. Spe- 
cial attention was paid to average solar radial dependences 
and the typical variation of parameters with the solar wind 
flow speed. Some characteristics previously found by obser- 

 (Helios measurements 
from Marsch et al 1982)

• Between r =3Rs and    
r =60Rs =0.3AU,         
B decreases by a 
factor of roughly   
(20)^2 = 400. 

• If there were no 
perpendicular heating, 
T⏊ /B  would be 
constant, and T⏊  would 
decrease by a factor of 
400, from 3x106K to 
less than 104K.



Proton thermal energetics in the solar wind: Helios reloaded 

Journal of Geophysical Research: Space Physics 
Volume 118, Issue 4, pages 1351-1365, 9 APR 2013 DOI: 10.1002/jgra.50107 
http://onlinelibrary.wiley.com/doi/10.1002/jgra.50107/full#jgra50107-fig-0004 

Parallel Proton Cooling in the Solar Wind

(Hellinger et al 2013)

• Empircal parallel and perpendicular heating rates based on the observed



Electron Heating in the Solar Wind

 (from Cranmer et al 2009. 
θ = co-latitude.)

• Although electrons are 
heated by thermal 
conduction, some 
additional heating 
appears to be 
necessary in order to 
explain the observed 
electron temperature 
profile in the solar 
wind.
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Figure 3. Ratios of the proton heating rate to the total (proton + electron) heating
rate. The standard model with wind speed u = 700 km s−1 is shown in both
panels (thick red line). (a) Variation of the wind speed between 600 and 800
km s−1 in 50 km s−1 increments (see labels). (b) Models computed with Tsmall
(dotted line) and Tlarge (dashed line) for the SWOOPS proton temperatures, and
with Equation (7) for q∥,e instead of the empirical fit (dot-dashed line).
(A color version of this figure is available in the online journal.)

be larger, which gives the rough equipartition between protons
and electrons. This is consistent with a more local deposition of
heat to the electrons that conducts both up and down from some
point around 0.75 AU. We should emphasize, however, that the
collisionless expression is based on relatively simple theoretical
scalings and it is far from being a rigorous “prediction” for the
electron heat flux in the solar wind. The discrepancy seen in
Figure 3(b) suggests that the use of a constant αe coefficient
in Equation (7) should probably not be considered a robust
approximation.

Figure 4(a) shows the result of varying the Coulomb collision
rate by multiplying νpe (Equation (13)) by a range of constant
multipliers f. As mentioned above, the curves for f = 0 and
f = 1 would be indistinguishable and the former is not shown.
As f is increased, collisions attempt to equalize Tp and Te at
a faster rate. The fraction of heat going to the protons must
increase in order to maintain the specified Tp > Te. Note,
however, that above a certain value of f there would need to
be net electron cooling, or essentially Qp > (Qp + Qe), in
order to maintain the measured temperature difference. This
allows us to rule out values of f larger than about 200 over
most heliocentric distances. Figure 4(b) shows how the relative

(a)

(b)

Figure 4. Same as Figure 3, but with other parameters varied. (a) A series of
models with anomalously strong Coulomb collisions, with a range of constant
multipliers f to the classical collision frequency (see labels). (b) Models
computed over a range of colatitudes θ in the heliosphere, which affects the
Parker spiral angle Φ (see Equation (10)). The standard model with wind speed
u = 700 km s−1 is shown in both panels (thick red line).
(A color version of this figure is available in the online journal.)

heating changes as the assumed colatitude θ (and thus the Parker
spiral angle Φ) is varied. Models computed closer to the ecliptic
plane exhibit a local maximum in Qp/(Qp + Qe) at smaller
heliocentric distances.

Given the uncertainties in many of the input parameters to
these models, the quantitative results regarding the relative
partitioning of Qp and Qe are also somewhat uncertain. However,
there does appear to be a preponderance of evidence for
the validity of two qualitative statements: (1) in the inner
heliosphere (r < 1 AU), there appears to be rough equipartition
between proton heating and electron heating. (2) As heliocentric
distance is increased from 0.3 to 5 AU, the relative fraction of
proton heating increases to noticeably dominate the total heating
rate.

4. EXPECTATIONS FROM LINEAR ALFVÉN WAVE
DAMPING

It is illustrative to compare the empirically derived partition-
ing between proton and electron heating with theoretical pre-
dictions. As a starting point for future work in this direction, we
computed some extremely simple estimates for the wavenum-
ber dependence of a turbulent power spectrum of Alfvénic fluc-
tuations. These were then coupled to a general Alfvén wave
dispersion relation that allowed us to compute the contributions
to proton and electron heating. Although it is well known that
strong MHD turbulence is far from “wavelike” (i.e., one might
expect that a coherent wave survives for only about one period



The Sun launches waves, which become turbulent. What do 
we want turbulent heating to explain?
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• Protons and other ions undergo strong perpendicular heating 

• Protons undergo parallel cooling at r<0.6 AU. 

• Electrons are also heated, but less strongly than protons 
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• Different plasma modes cascade in different ways. Some 
cascade to small perpendicular wavelengths, some 
cascade to small parallel wavelengths, and some 
cascade quasi-isotropically. 

• The mode content and inertial-range energy cascade 
control the types of fluctuations that are dissipated at 
small scales. 

• Before jumping into a discussion of dissipation 
mechanisms, let’s look at which modes are launched by 
the Sun and how they cascade to small scales. 

• Since waves are launched at very large scales, let’s 
begin this discussion in the MHD approximation.

The Importance of the Inertial Range for 
Understanding the Dissipation of Turbulence



• Magnetic forces: magnetic pressure and magnetic tension 

• Frozen-in Law: magnetic field lines are like threads that are frozen to 
the plasma and advected by the plasma

Ideal, Adiabatic MHD
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Waves: small-amplitude oscillations 
about some equilibrium

�~v = �~v0 cos(

~

k · ~x � !t + �0)

kk
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�B0

wavelength λ = 2π/k 

decreasing λ ⇔ increasing k



Plasma Waves at Low Beta

magnetic tension magnetic pressure thermal pressure

undamped weakly damped strongly damped

Alfven wave fast magnetosonic 
wave

slow magnetosonic 
wave

w = kkvA w = kvA w = kkcs

magnetic  
field lines
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ion-cyclotron waves, 
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input
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of Alfven-wave and slow-wave energy
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of fast wave energy

equipartition between
Alfven waves and 

fast waves

�i/vA
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 kinetic Alfven 
waves

parallel cascade of slow waves 
(shock steepening)

(Chandran 2005, 2008)

(Cho & Lazarian 2003)

(e.g., Shebalin et al 1983,  Goldreich & Sridhar 1995)

How Do These Waves Cascade at Low Beta?



Which of these Energy Channels are Important?

• To answer this question, we will need to consider the 
physics of wave launching by the Sun, and also the 
different ways that each wave mode is damped.



The Solar Atmosphere and Interior

• 1 solar radius is 
about 7x105 km 

• the thickness of the 
chromosphere is 
about 2x103 km  

• the Alfven speed 
increases by a factor 
of about 10 through 
the narrow “transition 
region” between the 
chromosphere and 
corona.

(NASA)



• The only fast waves in the solar wind are those that are produced in situ 
by linear mode coupling, nonlinear mode couplings, or instabilities. 

• Measurements indicate that the fast-wave content is very small at 1 AU  
(Yao et al 2011, Howes et al 2012). 

• Slow waves and Alfven waves can propagate through the transition 
region into the solar wind with only partial (non-WKB) reflection.

Total Internal Reflection of Fast Waves 
(Hollweg 1978)

(NASA)

• View the chromosphere locally as a slab.

• Cartesian coordinates, with z in the radial

direction.

• As fast waves propagate from the chromosphere

to the corona,

q
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+ k2
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= constant.

• ! = kvA = vA
q
k2
x

+ k2
y

+ k2
z

= constant

• As vA increases, k
z

decreases to zero,

and the wave reflects.



• We want to explain strong perpendicular ion heating, weak 
(or negative) parallel heating at r<0.6 AU (β < 1), and 
electron heating that is somewhat weaker than the proton 
heating. 

• The Sun presumably launches Alfven waves, fast waves, 
and slow waves, and we’ve discussed how each wave 
cascades.  

• Fast waves undergo total internal reflection at the transition 
region. 

• Most of the wave energy flux from the Sun is carried by 
either Alfven waves or slow waves.

Key Points So Far
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Resonance condition

helical particle  
trajectory



Energy conservation frame



vk

1

v?

1

diffusion paths

resonant
particles

!kr

kk

1

(!kr � ⌦)

kk

1

Linear Wave Damping by Resonant Particles

• Wave-particle resonance condition:
!kr � kkvk = n⌦.

• Landau damping (LD): n = 0,

particles pushed by ~E.

• Transit-time damping (TTD): n = 0,
particles pushed by µrB.

• Cyclotron damping (CD): n 6= 0.

• In the vk � v? plane, resonant particles
di↵use along semi-circles centered on
vk = !kr/kk, because r⇥ ~E = 0 in the
wave frame. The condition E = �r�
in the wave frame with � bounded
means that there can be no secular
energy gain in the wave frame.

• Hence, LD and TTD lead to parallel heating.
CD can lead to perpendicular heating.



The Linear Damping of the MHD Cascades
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because they do not perturb |B |.



Slow-Wave Heating Confined to Near the Sun
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• Slow waves are strongly damped (i.e., within one wave period). 

• Slow waves heat the chromosphere and low corona, but are not a 
major heating mechanism in the solar wind 

• Since fast waves are reflected at the transition region, we are left 
with Alfven waves as the most viable mechanism for transporting 
non-thermal energy from the Sun into the solar wind.



Alfven Waves Do Not Damp Until Reaching Scale ρi
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Landau/Transit-Time Damping of Kinetic Alfven Waves 
(e.g., Quataert 1998, Leamon et al 1999) 

(Howes et al 2008)

(Howes et al 2008)

• Leads to parallel heating.

• At low �, it is mostly electron heating, because

for resonant particles, vk = !/kk = vA ' ��1/2vtp,
where vtp is the proton thermal speed.

β = 0.03



• Slow waves are damped so strongly that they are mostly 
confined to near the Sun.  

• Slow waves may contribute substantially to the heating of 
the chromosphere and low corona, but not the solar wind. 

• Alfven waves are not damped, but the Alfven wave cascade 
presumably “feeds” a kinetic Alfven wave (KAW) cascade. 

• KAWs undergo Landau damping. When beta is small, this 
damping leads primarily to electron heating. 

• Bottom line: in the solar wind at r < 0.3 AU, we would expect 
mostly parallel electron heating, not the perpendicular ion 
heating that is observed.

Summary of Linear Wave Damping
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Nonlinear Dissipation of Alfven-Wave Turbulence 
and Kinetic-Alfven-Wave Turbulence

• Electron heating  

• Intermittent heating in current sheets (Wan et al 2009) 

• Via a nonlinear analog of Landau damping (Tenbarge & 
Howes 2013) 

• Electron heating and acceleration by reconnection   
(Egedal et al 2015) 

• Ion heating 

• Via “pick-up heating” as ions cross the boundary of 
the reconnection exhaust. (Drake et al 2009) 

• “Current sheet energization” (Dimitruk et al 2004) 

• Entropy cascade (Schekochihin et al 2009) 

• Stochastic heating (McChesney et al 1987, Chen et al 2001, 
Johnson & Cheng 2001, Chaston et al 2004, Fiksel et al 2009).



Intermittent Heating in PIC Simulations of 2D Plasma 
Turbulence Driven by a Kelvin-Helmholtz Instability

(Wan et al 2012)

studied D ¼ J "E, the work done by electromagnetic
fields on the particles, in several frames of reference as
well as the work on electrons Je "E. Conversion of mag-
netic energy into random kinetic energy must be contained
in D, and since particles in collisionless plasmas interact
only through the electromagnetic fields, dissipation must
be contained in these measures. This identification is com-
plicated by contributions from fluid motions, compres-
sions, particle energization, and reversible motions such
as plasma oscillations. To reduce (but not eliminate) con-
tributions due to fluid motions, we may evaluate D in a
frame moving with either ve, or vi. However, assuming
ni ¼ ne ¼ n, in the proton frame, D!J"ðEþvi%BÞ¼
J"E'qnve "ðvi%BÞ, while in the electron frame, D !
J " ðEþ ve %BÞ ¼ J " Eþ qnvi " ðve % BÞ. Therefore,
when ni ¼ ne, the correction to D due to fluid motion is
the same in either frame. To account for the (small) charge
separation !e ¼ qðni ' neÞ, we add a correction, for the
electron frame, !eve " E. This useful but approximate
measure of dissipation (see Ref. [29]) is,

De ¼ j " ðEþ ve % BÞ ' !eðve "EÞ; (1)

which is evaluated for the local ve. A related interpretation
of De is the work done by the nonideal part of the electric
field in a generalized Ohm’s law, corrected by removing
the work associated with transport of the net charge. De is
spatially organized in structures that resemble the electric
current structures (Fig. 2) providing qualitative evidence of
inhomogeneous dissipation. We now turn to quantitative
measures.

Figure 3(a) shows the probability density function (PDF)
of four dissipation proxies: De (as above), the laboratory
frame D ¼ J " E, the ‘‘parallel dissipation’’ Dk ¼
ðJ "BÞðE "BÞ=jBj2, and the contribution of electron cur-
rent Je " E. The exact electromagnetic dissipation is con-
tained within D and De, but these quantities also contain
other effects. Dk and Je "E concentrate on the parallel
electric field and electron heating [10]. Each proxy has a
broad and slightly asymmetric PDF. D has the broadest
distribution, as it includes fluid scale stresses that exchange

magnetic and flow energies. De and Dk do not contain the
full fluid contributions and are almost identically distrib-
uted. Evidently most dissipation is parallel dissipation.
On the other hand a proxy such as Je "E is directly related
to the change of electron energy, and therefore includes
electron dissipation, but does not separate out changes
associated with electron flow.
The slight preponderance of positive values in the

distributions (see Fig. 3) produce good agreement of
global average values hDei ¼ 5:78% 10'8c3=de, hDki ¼
5:81% 10'8c3=de, and hJe "Ei ¼ 5:09% 10'8c3=de. We
suggest that these are reasonable (but imperfect) estimates
of net dissipation of fluid scale energy into plasma internal
energy. On the other hand, J "E includes large contribu-
tions from convective electric field, has a negative average
value, and is not an appropriate measure of dissipation.
To better understand the ramifications of a highly struc-

tured dissipation, we compute statistics. Figure 3(b) shows
averages ofDe conditioned on the normalized local current
density, hDejJi=hDei. The conditionally averaged De per
unit volume is found to be a strongly increasing function
of electric current density. For example, in regions with
J > 8Jrms the dissipation per unit volume is more than 500
times the global average. However, these regions are rare,
occupying less than 0.01% of the volume.
A related question is what fraction of global dissipation

measure is found in regions in which the jJj exceeds a

given threshold? Let us define a filling fraction FðfjnÞ ¼P0
f=

P
f where

P0
includes only points where J=Jrms >

n. In Fig. 3(c), we plot the filling fraction for area and
for De. These diagnostics show that regions of stronger
electric current density occupy smaller areas, but make

FIG. 2 (color). (Left) Jz in a close-up region of the simulation
domain showing hierarchy of coherent structures; (right)
Contour of electron-frame dissipation De for the region shown
in left.
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FIG. 3 (color online). (a) PDFs of four dissipation proxies: the
electron frame dissipation measure De, the laboratory frame D,
the parallel dissipation Dk, and Je " E. (b) Conditional average
of dissipation calculated conditioning on the value of current
density. (c) Fraction of area (green squares) of the simulation
domain where the normalized current density J=Jrms is larger
than some value n, where Jrms is the rms value of J. Also shown
is the fraction of dissipation (blue triangles) contributed to the
total dissipation from those corresponding areas.
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Electron Heating by Landau Damping in a Gyrokinetic 
Simulation of Strong KAW Turbulence

The Astrophysical Journal Letters, 771:L27 (6pp), 2013 July 10 TenBarge & Howes
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Figure 3. (a) Volume filling fraction of current sheets satisfying j > jmax/3 in percent (black dashed) and the electron collisional heating rate Qe (red solid). (b) The
injected antenna power (magenta dotted) and the total turbulent energy, EKAW, (blue dash-dotted). (c) Cross correlations between the electron heating rate and filling
fraction (black solid), antenna power (magenta dotted), and EKAW (blue dash-dotted).
(A color version of this figure is available in the online journal.)

Figure 4. Measured heating of the electrons from the simulation by perpen-
dicular wavenumber, Qe(k⊥) (solid), an estimate of the electron heating based
on linear wave-particle damping Qwp(k⊥) (dotted), and the Ohmic heating rate
Qη(k⊥) (dashed).
(A color version of this figure is available in the online journal.)

6. ELECTRON HEATING BY SCALE

In Figure 4, we present a plot of the electron collisional
heating rate by perpendicular wavenumber, Qe(k⊥) (solid),
averaged over 1.5τ0 ! t ! 4.1τ0, where error bars represent
the variance over the interval. The instantaneous shape of the
heating curve is similar to the average. This plot shows that the
electron heating is nearly constant over all scales, with about
half of the total heating occurring at scales k⊥ρe < 1. The
turn-down at k⊥ρi > 105 is an artifact due to the diminishing
number of Fourier modes in the corner beyond the fully resolved
simulation domain.

As a function of k⊥, we may predict the collisionless damping
of the turbulent fluctuations by resonant wave-particle interac-
tions in our simulation using Qwp(k⊥) = 2γ (k⊥)EKAW(k⊥),
where γ is the linear kinetic damping rate of kinetic Alfvén
waves (dominated by electron Landau damping). This predic-
tion for the wave-particle interaction heating rate requires in-
tegration over k∥, where parallel is with respect to the local
magnetic field and is typically determined via structure func-
tions or wavelets. To avoid the complications of determin-
ing the local magnetic field direction, we use frequency as a
proxy for the parallel wave vector since ω ∝ k∥ for kinetic
Alfvén waves (TenBarge & Howes 2012). This prediction for
wave-particle damping, plotted in Figure 4 (dotted), admits no
free parameters, yet it agrees well with the measured colli-
sional electron heating (solid): the integrated, total predicted
electron heating is within 4% of the collisional heating diag-
nosed in AstroGK. The slight excess of wave-particle damp-
ing at 5 < k⊥ρi < 40 and of electron collisional heating at
k⊥ρi > 40 is consistent with the action of the electron en-
tropy cascade (Schekochihin et al. 2009). Through the entropy
cascade, energy removed by electron Landau damping at 5 <
k⊥ρi < 40 is expected to appear as collisional heating at higher
wavenumbers.

We also compute the Ohmic heating rate Qη = ηj 2, where
η = 0.38(4π )νeid

2
e /c2 is the Spitzer resistivity (Spitzer &

Härm 1953), νei = νe is the electron–ion collision frequency,
de = c/ωpe is the electron inertial length, and ωpe is the
electron plasma frequency. The Ohmic heating rate is plotted
(dashed) in Figure 4, clearly Qη ≪ Qwp ≃ Qe. Theory predicts
negligible Ohmic heating for a weakly collisional plasma, since
electron–ion collisions are insufficient to significantly heat the
electrons. Therefore, Ohmic dissipation of the current cannot
account for the observed electron heating in the simulation,
despite the strong correlation between current sheet filling
fraction and heating rate.

4

(Tenbarge & Howes 2013)



Electron Heating and Acceleration in Reconnection

(2D PIC simulation, 
Egedal et al 2015)

4

FIG. 2: (a-c): Color con-
tours of constant den-
sity log

10
(ne), pressure

anisotropy log10(p∥/p⊥),
and acceleration potential
eΦ∥/Te. Spatial loca-
tions are marked in (c) for
which f(v∥, v⊥) is shown
in panels (d) to (k). The
magenta lines in (d) to (k)
mark the trapped-passing
boundaries as defined by
Eq. (13).

beam of incoming electrons. Likewise for points e and
f , the distributions are almost purely composed of the
incoming beams energized by Φ∥ with velocities reaching
γv∥/c ≃ −1.2. For point g, in addition to the incoming
beam, a population of electrons are observed mostly with
velocities γv/c < 0.7. These relatively hot electrons orig-
inate from the reconnection region, but given the large
amplitude of Φ∥, they are deeply trapped and cannot es-
cape the reconnection region by parallel streaming along
field lines.

To provide more details on these large scale structures
yielding direct acceleration of the incoming electrons, in
Fig. 3(a) a zoom-in-view is given for the region outlined
in Fig. 2(a). Within this region seven field lines are se-
lected for which f∥(x, v∥) = 2π

!

v⊥f dv⊥ are computed.
The resulting f∥(x, v∥) are displayed in Figs. 3(b-h) as
functions of x along the selected field lines. The upper
most field line (b) in Fig. 3(a) is just upstream of the den-
sity cavities. The corresponding f∥ along this field line is
shown in Fig. 3(b). Signatures of developing instabilities
are seen for x/di ≃ 170.

Strong instabilities are visible along the second field
line (c) for which f∥ displays evidence of both electron
holes and double layers. The electrons with γv∥ > 0 are
streaming away from the reconnection region. The first
double layer for x/di ≃ 170 is seen to help confine elec-

trons energized in the X-line region. However, the second
double layer at x/di ≃ 200 develops without the presence
of energized electrons from the reconnection site.

Figs. 3(d,e) illustrate how the double layers continue
to develop. The vertical magenta lines marked d – g
in Fig. 3(e) correspond to the distributions in Figs. 2(d-
g), respectively. The beams in Figs. 2(d-g) are readily
identified as the structure (with γv∥ < 0) in f∥ containing
incoming electrons continuously accelerated by Φ∥. For
these field lines at the center of the density cavity, eΦ∥ is
larger than the energies of electrons streaming away from
the reconnection site. Thus, for x/di > 200 almost no
escaping electrons (electrons with γv∥ > 0) are observed.

The magnitude of the double layer in Fig. 3(f) is still
large. In addition to the incoming beam, the double
layer is now being filled with energetic electrons stream-
ing away from the reconnection site and reflected back
again by the double layer. Considering the evolution of
f∥ in Figs. 3(b-f) it is clear that the acceleration by Φ∥ of
the incoming electron beam and the subsequent mixing
in electron holes is responsible for the main heating of
the electrons on these field lines intersecting the density
cavities.

Deeper into the exhaust the value of Φ∥ is reduced.
This is evident in Figs. 3(g,h) where the incoming elec-
tron beam now has velocities on the order of γv∥/c ≃



Nonlinear Dissipation of Alfven-Wave Turbulence 
and Kinetic-Alfven-Wave Turbulence

• Electron heating  

• Intermittent heating in current sheets (Wan et al 2009) 

• Via a nonlinear analog of Landau damping (Tenbarge & 
Howes 2013) 

• Electron heating and acceleration by reconnection   
(Egedal et al 2015) 

• Ion heating 

• Via “pick-up heating” as ions cross the boundary of 
the reconnection exhaust. (Drake et al 2009) 

• “Current sheet energization” (Dmitruk et al 2004) 

• Entropy cascade (Schekochihin et al 2009) 

• Stochastic heating (McChesney et al 1987, Chen et al 2001, 
Johnson & Cheng 2001, Chaston et al 2004, Fiksel et al 2009).



Stochastic Heating by Strong Alfvén-Wave 
Turbulence

k?

kk

waves are input
with k? � kk

energy cascades

primarily to larger k?

Because the AW frequency is � = kkvA, the small-scale

AWs produced by the cascade have low frequencies

energy input

Does the dissipation of low-frequency, strong Alfven-wave 
turbulence or strong KAW turbulence cause “perpendicular” ion 

heating, and if so, how?



• If an ion’s orbit is nearly periodic in the plane perpendicular 
to B, and if the frequencies of the fluctuating electric and 
magnetic fields are much smaller than the ion’s cyclotron 
frequency, then the ion’s magnetic moment µ is almost 
exactly conserved (Kruskal 1962), where  

• Possible route to perpendicular heating from low-frequency 
AW turbulence: if the gyro-scale fluctuations are large 
enough, then an ion’s orbit becomes “stochastic,” and µ is 
not conserved. (McChesney, Stern, & Bellan 1987; Johnson & Cheng 
2001; Chen, Lin, & White 2001; Chaston et al 2003; Voitenko & Goosens 2004)

µ =
mv2
?

2B

Magnetic Moment Conservation



Criterion for Stochasticity in Low-β Plasmas

Let δvρ and δBρ be the rms amplitudes of the velocity and 
magnetic field fluctuations at k⊥ρi  ≈ 1. 

Stochasticity Criterion (McChesney, Stern, & Bellan 1987; Chaston et al 
2004; Chandran et al 2010): 

                           ε ≡ δvρ / v⊥ ~ O(1)                        

Implies that the fractional change in an ion’s K.E. during a 
single gyro-orbit is of order unity. 

To achieve the heating rate in the corona, does δvρ / v⊥ need 
to be = 1, or is a smaller value sufficient? 

For protons,

⇥v�
v?

=

vA
v?

· ⇥v�
vA

� ��1/2 · ⇥B�

B0



What Physical Process Energizes the Ions?
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• When a particle “rolls over” a rising “potential-energy hill,” the hill 
is shorter when the particle rolls up and higher when the particle 
rolls down, so the particle gains kinetic energy.



Stochastic Heating by AWs, KAWs, or Strong RMHD/
KAW Turbulence  

(Chandran, Li, Rogers, Quataert, & Germaschewski, ApJ, 720, 503, 2010. 
Much earlier related work by, e.g., McChesney et al 1987, Karimabadi et al 1994, Chen et al 

2001, Johnson & Cheng 2001, Chaston et al 2004, Fiksel et al 2009)

Particles diffuse in both space and energy. Derivation based 
on phenomenological arguments at  β ≲ 1  leads to: 

Here ρ is the ion gyroradius,  δvρ  is the rms velocity at scale ρ, 
and ε = δvρ/v⊥. The dimensionless constants c1 and c2 depend 
on whether the fluctuations are waves or turbulence and on 
the degree of intermittency.
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Numerical Simulations of Test-Particle Protons Interacting with 
Either KAWS or Strong RMHD Turbulence. 

(RMHD turbulence: Xia, Perez, Chandran, & Quataert 2013)  
(KAWs: Chandran, Li, Rogers, Quataert, & Germaschewski, ApJ, 720, 503, 2010)



Important Point: Stochastic Heating is 
Inherently Self-Limiting at Low Beta 

(Chandran 2010) 

• As  T⊥ increases,            

ε = δvρ/v⊥  decreases, 

and  Q⊥ decreases 

as a result.
 (Esser et al 1999)
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⇢
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Observational Test of Stochastic Proton Heating at 0.3 AU to 0.64 AU 
(Bourouaine & Chandran 2013)

• Left panel: we evaluate an “empirical” perpendicular heating rate from the measured 
values of U and T⊥(r) in Helios data for the fast solar wind (Marsch et al 1983). 

• We use Helios data to measure δBp (middle panel), set  δvp = σvA δBp/B0 , and use this 
value of δvp  to determine the stochastic heating rate, with σ=1.19. 

• We then find the values of c1 and c2 for which Q⊥empirical = Q⊥stoch (right panel). Lower error 
bar corresponds to σ=1, and upper error bar corresponds to σ=1.38.
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We Lorentz transform the fields into the frame moving with the 
ion along the background magnetic field and recalculate the 
stochastic heating rate at β ≲ 1, obtaining the same formula,  

but with δvρ replaced by (χW)1/2 and ε = (χW)1/2 /v⊥, where W 
is the turbulent energy per unit mass at the gyroradius scale 
(see paper for more details) and  

where rA is the gyroscale Alfven ratio, and σ is the gyroscale 
fractional cross helicity.

Stochastic Heating with Parallel Ion Motion 
(Chandran, Verscharen, Quataert, Kasper, Isenberg, & Bourouaine, 2013) 
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Equilibrium Ion Temperatures 
(Chandran, Verscharen, Quataert, Kasper, Isenberg, & Bourouaine 2013) 

We assume that stochastic heating is the only perpendicular 
ion heating mechanism, and that the heating rate roughly 
balances the cooling rate due to solar-wind expansion.  

                                      ε = (χW)1/2 /v⊥

r

U
=

v2?
2Q?

t
exp

= t
heat
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U
= ✏�3
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⇣c2
✏

⌘

This causes different ions to have approximately the same values of ε



Upon taking ε = (χW)1/2 /v⊥ to be the same for ions of species i 
and for protons, as well as for ions with different v||, we find 
that  

where <...> indicates an average over v||.

Equilibrium Ion Temperatures, continued 
(Chandran, Verscharen, Quataert, Kasper, Isenberg, & Bourouaine 2013) 
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vt
ip ! !vc

ip þ wki=CA # voi þ "1=2
kp ; (6)

where we have used "kp ! npkBTkp=ðB2=2#0Þ # w2
kp=

C2
A and wki # wkp to simplify (6) and relate it to the ratio

of thermal proton and magnetic pressure.
Improvements to this analysis could include substituting

Eq. (1) with a more realistic dispersion relation and
considering different scaling relationships between ion
thermal speeds.

Observations.—We now look for evidence of these
thresholds for core and tail heating of Hþ and He2þ in
the solar wind. We examined T?$=T?p, the ratio of their
temperatures perpendicular to B, and T?p=Tkp, the Hþ

temperature anisotropy, as a function of "kp and !v$p.
Based on our theory, we expect to observe the following
three distinct zones in the "kp & !v$p plane.

(1) Independently of "kp, when j!v$pj< !vc
$p, the

He2þ will be superheated perpendicular to B, with a tem-
perature significantly exceeding mass proportionality
(T?$=T?p > 4).

(2) For !vc
$p < j!v$pj< !vt

$p, a diminishing, but still
significant, fraction of the He2þ will experience strong
heating; T?$=T?p will drop, but still be above 4.

(3) Finally, when j!v$pj> !vc
$p, strong heating is re-

stricted to the high energy tail of the He2þ VDF. By virtue
of the fact that Hþ far outnumbers He2þ [34], the Hþ will
absorb the majority of the wave power in this regime.
T?$=T?p will be lower still in this regime, while
T?p=Tkp will be elevated as the Hþ ions experience cy-
clotron resonant heating.

We use several million merged individual ion and mag-
netic field measurements from the Wind spacecraft from
late 1994 through 2011 [32]. We followed previously
documented procedures to select the subset of measure-
ments for this study [34]. That work also examined solar
wind conditions as a function of the Coulomb collision
frequency. In this Letter, we focus only on the approxi-
mately 30% of the solar wind with low collision
frequencies.

Figure 2 shows the mean value of T?$=T?p in the"kp &
!v$p plane. Note that since V$ ' Vp, changes in the sign
of !v$p just indicate the polarity of B. The algorithm used
to generate Figs. 2 and 3 is identical. The "kp & !v$p

plane is divided into an initial grid with coarse resolution in
"kp and !v$p. Each element in the grid is then subdivided
as long as the resulting quadrants each have at least 100
observations. This process is iterated recursively, resulting
in a plot with uniform uncertainty in the mean, and higher
resolution in !v$p and "kp when their occurrence rate in
the solar wind permits. The two dashed horizontal lines
indicate !vc

$p # (0:168, the critical flows below which
the core of the He2þ VDF can resonate with counterpro-
pagating waves. The solid lines indicate (!vt

ip. For

"kp)2, there is a clear association between !vc
$p and

hot Heþ2, with a mean T?$=T?p # 7. As j!v$pj rises
above !vc

$p, T?$=T?p begins to drop, as expected.
When j!v$pj exceeds !vc

$p, and only a diminishing por-
tion of the tail of the He2þ distribution can experience
strong heating, T?$=T?p drops below 4. This is all con-
sistent with the first and second predictions of the theory
enumerated above, although the drop in T?$=T?p for
"kp > 2 remains unexplained.
Next we consider Fig. 3, which shows the Hþ tempera-

ture anisotropy factor T?p=Tkp as a function of !v$p and
"kp. On average, in the solar wind at 1 AU, T?p=Tkp #
0:8, and it is generally less than unity [25]. Figure 3 con-
firms that T?p=Tkp < 1 over most of the parameter space.
The anisotropy factor is significantly greater than unity,

FIG. 2 (color). T?$=T?p in the "kp & !v$p plane. Dashed
lines indicate (!vc

$p, the speed below which the core of the
He2þ VDF should experience multiple resonance. Solid lines
indicate !vt

$p, the speed beyond which only the tail of the He2þ

is heated.

FIG. 3 (color). Hþ temperature anisotropy T?p=Tkp in the
"kp & !v$p plane. Threshold conditions are the same as in
Fig. 2. When j!v$pj> !vt

$p and the He2þ become nonresonant,
the Hþ take on a large anisotropy consistent with cyclotron
resonance.
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Chandran et al, (2013), 
averaging over σ and rA.
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Ion Temperature Profiles from Stochastic Heating 

(Chandran, ApJ, 720, 548, 2010) 

(for c2 = 0.15
and αi = 0.71)
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Ion Heating versus Electron Heating in the Solar 
Wind

• Abbreviated results from a 1D, two-fluid (proton plus 
electron), solar-wind model incorporating proton 
temperature anisotropy, instabilities driven by temperature 
anisotropy, and turbulent heating. (Chandran, Dennis, Quataert, & 
Bale, ApJ, 743, 2011) 

• What is the relative strength of electron heating and proton 
heating? 

• What is the relative strength of parallel heating and 
perpendicular heating of protons?



Three Main Dissipation Processes at k⊥ρp ≈ 1

k?

kk

waves are input
with k? � kk

energy cascades

primarily to larger k?

energy input

• because the AW energy cascade is anisotropic, and because ω=k||vA, small-scale 
waves have small frequencies and do not dissipate via cyclotron damping

• Instead, the 3 main dissipation processes are:
1. electron Landau and transit-time damping  -  damping rate γe

2. proton Landau and transit-time damping  -  damping rate γp

3. stochastic heating of protons - damping rate γs

• total damping rate at  k⊥ρp ≈ 1:   γtot = γe + γp + γs

(ρp = proton gyroradius)



Dividing the Turbulent Heating Power Between 
Qe, Q||p, and Q⊥p

• The fraction of the cascade power that dissipates at k⊥ρ ≈ 1 is ≈ γtot tcasc

• This fraction of the cascade power is divided between Qe, Q||p, and Q⊥p in 
proportion to γe, γp, and γs ,  respectively. 

• The remaining fraction of the cascade power cascades past k⊥ρ ≈ 1 to 
larger k⊥ρ and dissipates on the electrons, contributing to Qe

k?

kk

waves are input
with k? � kk

energy cascades

primarily to larger k?

energy input



Temperature Anisotropy and the Partitioning of 
Turbulent Heating Between Qe, Q||p, and Q⊥p 

(Chandran, Dennis, Quataert, & Bale, ApJ, 743, 2011) 

• Left panel:  Upper (lower) dotted curve is the mirror (oblique firehose) threshold 
(Hellinger et al 2006). Dashed line is a fit to Helios data (Marsch et al 2004).

• Right panel:  at r < 1.35 Rs, stochastic heating is weak because δB/B0 is small. For 1.35 
Rs < r < 185Rs, stochastic heating dominates. Parallel proton heating is weak at all r 
in this solution.



A Working View of Turbulent Dissipation in the Solar Wind

• Fast waves are reflected at the transition region . 

• Slow waves damped so rapidly that they heat only the 
chromosphere and low corona.  

• The Alfven-wave (AW) cascade feeds a kinetic Alfven wave 
(KAW) cascade. 

• Much of the dissipation of AW/KAW turbulence occurs 
intermittently in coherent structures (current/vorticity sheets). 

• At low beta, ion heating by such coherent structures is well 
approximated by the theory of stochastic heating. 

• Electron heating by such coherent structures is well 
approximated by the theory of linear Landau damping, which 
works because the structures are critically balanced, and 
hence somewhat wave-like. 

• At beta >~ 1, ions undergo additional parallel heating from 
Landau damping and transit-time damping.



Some Open Questions

• How do slow waves damp in the low corona? Mass/charge 
dependence?  

• How does KAW turbulence heat/energize electrons at sub-proton 
scales? Landau damping? Something altogether different? Does the 
KAW cascade feed another cascade at sub-electron scales? 

• Does low-frequency KAW turbulence lead to an ion-cyclotron instability 
when a current or velocity-shear threshold is exceeded? Does this 
happen in, e.g., the solar wind? (Markovskii et al 2006) 

• Is stochastic heating the correct framework for understanding 
perpendicular ion heating by AW/KAW turbulence in low-beta 
plasmas? 

• How is the turbulent heating power divided between particle species, 
and between parallel and perpendicular heating? How does this 
division depend upon beta and other plasma parameters? 

• To what extent can the dissipation of turbulence generate 
superthermal tails in the electron and proton distribution functions?



Obtaining Fluid Equations from Kulsrud’s 
Collisionless MHD 

(Snyder, Hammett, & Dorland 1997)

1. Following Snyder et al (1997), we multiply the guiding-center 
Vlasov equation by various powers of v|| and magnetic moment µ 
and then integrate over v|| and µ. 

2. To close the resulting set of fluid equations, we evaluate the fourth-
velocity moments by approximating the proton distribution function 
as a bi-Maxwellian. 

3. The same general fluid equations were obtained previously in 
different ways by Endeve & Leer (2001), Lie-Svendsen et al 
(2001), and Ramos (2003). 

4. We add terms to account for turbulent heating, wave-pressure 
acceleration, and pitch-angle scattering from mirror and firehose 
instabilities. For simplicity, we take the electron distribution function 
to be isotropic.



Additional Assumptions

1. Fluid equations are solved within a narrow flux tube extending 
radially outward from the Sun, so the model is 1D. 

2. No rotation. Solar-wind outflow velocity is aligned with the 
approximately radial background magnetic field.  

3. Super-radial expansion of the background magnetic field: 

• cross-sectional area of tube:  a(r) =  asun (r/Rs)2 f(r)

• f(∞)  ≡  fmax  =  “super-radial expansion factor”

• B/B0  =  asun/a    

• B(r) and f(r) are chosen from a Kopp-Holzer (1976) model.



Reflection-Driven Alfven-Wave Turbulence

L? = perpendicular correlation length of AW turbulence = L?�
p

a/a�

z+ = rms amplitude of outward-propagating AWs

z� = rms amplitude of inward-propagating AWs

Q =

cd⇢z�(z+)2

4L?
=

cdz�Ew
L?

z� =

L?(U + vA)

vA
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@vA
@r
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Energy cascade 
results from 
interactions 

between z+ and z-.

The amplitude of z- is determined by a balance between 
the source of z- waves (reflection) and the cascade of z- 

waves to small scales via interactions with z+ waves  
(Dmitruk et al 2002; Chandran & Hollweg 2009)

( z+  >> z- )



Three Main Dissipation Processes at k⊥ρp ≈ 1

k?

kk

waves are input
with k? � kk

energy cascades

primarily to larger k?

energy input

• because the AW energy cascade is anisotropic, and because ω=k||vA, small-scale 
waves have small frequencies and do not dissipate via cyclotron damping

• Instead, the 3 main dissipation processes are:
1. electron Landau and transit-time damping  -  damping rate γe

2. proton Landau and transit-time damping  -  damping rate γp

3. stochastic heating of protons - damping rate γs

• total damping rate at  k⊥ρp ≈ 1:   γtot = γe + γp + γs

(ρp = proton gyroradius)



Landau Damping and Transit-Time Damping 
(Chandran, Dennis, Quataert, & Bale, ApJ, 743, 2011)
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 -  solid line in figure

 -  dotted line in figure

- circles (diamonds):  electron (proton) 
contribution to the damping rate of 
kinetic Alfven waves at k⊥ρp=1 in 
numerical solutions to the full hot-
plasma dispersion relation assuming 
k|| << k⊥ 



Stochastic Ion Heating by Low-Frequency Turbulence
• Electric-field fluctuations at scales of order the proton gyroradius 

disrupt the smooth gyromotion of protons, violating the 
conservation of a proton’s magnetic moment µ = (mv⊥2)/2B. 
(McChesney et al 1987, Johnson & Cheng 2001, Chen, Lin, & White 2001)

�s = 0.18 ✏⌦p exp

⇣
�c2

✏

⌘

✏ =
�v⇢
v?

�v⇢ =

z+

2
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(Xia et al, in preparation)

(Chandran, Li, 
Rogers, Quataert, & 

Germaschewski, ApJ, 
720, 503, 2010)

ε=0.03

ε=0.15



Dividing the Turbulent Heating Power Between 
Qe, Q||p, and Q⊥p

• The fraction of the cascade power that dissipates at k⊥ρ ≈ 1 is ≈ γtot tcasc

• This fraction of the cascade power is divided between Qe, Q||p, and Q⊥p in 
proportion to γe, γp, and γs ,  respectively. 

• The remaining fraction of the cascade power cascades past k⊥ρ ≈ 1 to 
larger k⊥ρ and dissipates on the electrons, contributing to Qe

k?

kk

waves are input
with k? � kk

energy cascades

primarily to larger k?

energy input



Mirror and Firehose Instabilities

• Temperature anisotropy 
in the solar wind is 
bounded by the mirror 
and oblique firehose 
instability thresholds 
(Kasper et al 2001, Hellinger 
et al 2006, Bale et al 2009). 

• In our model, we 
increase the proton 
pitch-angle scattering 
rate at locations at 
which the temperature 
anisotropy exceeds the 
threshold for exciting 
either instability (Sharma 
et al 2006) .

2

of the Earth. The data set spans the time interval Nov.
21, 1994 to Nov. 12, 2004 and includes 1,026,112 inde-
pendent measurements of solar wind plasma and mag-
netic field. Proton density np, velocity ~vsw, and tem-
perature are measured by the Faraday cup instrument
of SWE (Solar Wind Experiment) [11]. Both the par-
allel proton temperature T

k

and perpendicular temper-
ature T

?

are computed by comparison with the average
magnetic field direction. The Magnetic Field Investiga-
tion (MFI) is used to measure the solar wind magnetic
field [14] at either 22 vectors/s or 11 vectors/s depend-
ing on telemetry mode and averaged to 3 second inter-
vals; we denote this 3 second average data as ~B. The
vector rms fluctuation field during the 3 second average
interval is denoted as � ~B. Each fluctuation field mea-
surement � ~B is rotated into a coordinate system defined
by the average field direction B̂, so that we have both
the compressive component �B

k

and the shear compo-
nent �B

?

(= (�B2
?,1 + �B2

?,2)
1/2). We then define the

magnetic compressibility as �B2
k

/(�B2
k

+ �B2
?

) [15]. The
magnetic field is an rms measurement over the bandwidth
�f = (0.3 - 5.5) Hz, or (0.3 - 11) Hz in high TM mode.
Since the magnetic fluctuation spectrum falls as f�5/3 (or
steeper) at these frequencies, the power in this bandwidth
is dominated by the lowest measured frequency f0 ⇡ 0.3
Hz. Since it is believed that k

?

� k
k

[16], the natu-
ral frequencies of the turbulence are all much lower (i.e.
f0 � fci) and Taylor’s hypothesis applies (! = kvsw).
Therefore the measured power at f0 ⇡ 0.3 Hz corresponds
to power at wavenumber k⇢i ⇡ (f0/fci)(vth/vsw). The
distribution (in our data) of this parameter is sharply
peaked at k⇢i ⇡ 0.56 with a half-width of 0.32; therefore
these measurements correspond to magnetic fluctuation
power at k⇢i ⇡ 0.56 ± 0.32.

The upper panel of Figure 1 shows the distribution of
measurements of proton temperature anisotropy (T

?

/T
k

)
against parallel proton plasma beta �

k

; this distribu-
tion shows the striking signatures of the regulation of
the anisotropy by instabilities. These proton measure-
ments are a subset of those used by Kasper et al.[10];
here we include only proton measurements at times when
there also exist good measurements of � ~B. Dotted lines
(on all four panels) show the instability thresholds for
the mirror instability at T

?

/T
k

> 1 (equation 1 with
(a, b,�0) = (0.77, 0.76,�0.016)) and the oblique firehose
instability at T

?

/T
k

< 1(equation 1 with (a, b,�0) =
(�1.4, 1.0,�0.11)) [12]. The second panel of Figure 1
shows the average measured amplitude of the magnetic
fluctuations |� ~B|/| ~B| in the space of (�

k

, T
?

/T
k

), as in
the upper panel. A general trend of enhanced fluctua-
tions with larger �

k

is clearly visible. Furthermore, the
fluctuation amplitude is enhanced along both the mir-
ror/IC (for T

?

/T
k

> 1) and oblique firehose (T
?

/T
k

< 1)
thresholds. This is strong evidence that these instabil-
ities are excited here and act to isotropize the plasma;
this is the principal result of this study. The third
panel of Figure 1 shows the magnetic compressibility

FIG. 1: The distribution of proton temperature anisotropy
(T
?

/T
k

) measurements with respect to the parallel plasma
beta �

k

(upper panel) is constrained by the oblique proton
firehose instability threshold (lower dotted line) and the mir-
ror instability threshold (upper dotted line). In the second
panel, the magnetic fluctuation amplitude |�B|/|B| is shown
to be enhanced along the instability thresholds and overall at
high �

k

where the thresholds converge. The third panel shows
magnetic compressibility �B2

k

/(�B2
k

+�B2
?

), which is enhanced
at high �

k

(>1) along the mirror threshold, as expected for the
mirror instability. The lower panel shows the ’collisional age’,
which is largest around T

?

/T
k

⇡ 1 suggesting that isotropy
results largely from Coulomb collisions. Anisotropic plasma
is relatively collisionless.

Bale et al (2009)



Two-Fluid Model with Temperature Anisotropy  
(Chandran, Dennis, Quataert, & Bale, ApJ, 743, 2011)
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We calculate qe by interpolating between the Spitzer heat flux at small r 
and the Hollweg collisionless heat flux at large r.

Two-Fluid Model with Temperature Anisotropy 



Numerical Solution

7

FIG. 2.— Left panel: Proton (or electron) number density in model (solid line). The ×s show observed values in a polar coronal hole near solar minimum from
Table 14.19 of Allen (1973). The filled circle is the mean proton density n= 2.7±0.86 cm−3 at heliographic latitudes> 36◦ measured during Ulysses’ first polar
orbit, scaled to r = 1 AU (McComas et al. 2000). Middle panel: Important time scales in our steady-state numerical solution. Right panel: The ratios of thermal
to magnetic pressure: β∥p = 8πnkBT∥p/B2, β⊥p = 8πnkBT⊥p/B2, and βe = 8πnkBTe/B2.

and q∥p at r= r0 by linear extrapolation for the following rea-
son. At radii slightly greater than r0, the values of q⊥p and
q∥p are determined to a good approximation by neglecting the
terms on the left-hand sides of Equations (15) and (16), be-
cause the collision time ν−1p is much shorter than the expan-
sion time r/U . We call the values of q⊥p and q∥p determined
in this way the “collisional values.” If boundary conditions
were imposed on q⊥p and q∥p at r = r0 that were different
from the collisional values, then in steady state a boundary
layer would develop at r = r0 of thickness ∼U0/νp0, where
U0 = U(r0) and νp0 = νp(r0), and q⊥p and q∥p would ap-
proach their collisional values at r ∼ r0+U0/νp0. However,
by linearly extrapolating the values of q⊥p and q∥p to r = r0,
we prevent such unphysical boundary layers from appearing.
At r= rN+1 we evaluate all variables by linearly extrapolating
from their values at r = rN−1 and r = rN . For the solutions
presented in Sections 4 and 5.7 we used the following ini-
tial conditions: Te = T⊥p = T∥p = T⊙(3−2R⊙/r)(r/R⊙)−2/7,
U = (655 km/s)[1+20(R⊙/r)3]−1, n= n⊙U0a⊙/(Ua), Ew =
nmp(δv⊙)2, and q⊥p = q∥p = 0.

4. A NUMERICAL EXAMPLE RESEMBLING THE FAST SOLAR
WIND

In this section, we focus on a steady-state solution to Equa-
tions (10) through (17) in which the model parameters are set
equal to the values listed in Table 1. Our choice for L⊥⊙ is mo-
tivated by Faraday-rotation measurements along lines of sight
passing through the corona and near-Sun solar wind 4 (Holl-
4 Hollweg et al. (2010) found that the magnetic fluctuations δB in the solar-

wind model of Cranmer et al. (2007) led to close agreement with the fluctua-
tions in the Faraday rotation of radio transmissions from Helios near superior
conjunction. A key parameter in the model of Cranmer et al. (2007) was L⊥,
which was set equal to 75[(1470 Gauss)/B]1/2. For B = 11.8 Gauss (the
value of B⊙ in our numerical solutions), this leads to L⊥ = 837 km, which
we have rounded to 103 km in choosing the value of L⊥⊙. It is possible that
L⊥⊙ is significantly larger than this value, but in this case δB would have to
be significantly smaller than in the model of Cranmer et al. (2007) in order to
be consistent with the Faraday rotation measurements, preventing AW turbu-
lence from providing the heating needed to power the solar wind. We exclude
the possibility that L⊥⊙ ≪ 103 km, because then δB would have to be much
larger than in work of Cranmer et al. (2007) in order to be consistent with the
Faraday rotation fluctuations, causing Fw to be much greater than the total
energy flux of the solar wind.

weg et al. 2010). After choosing the super-radial expansion
factors fmax and R1, we determine B⊙ from Equation (5) and
the condition

B(1 AU) = 2.83nT, (57)

which is the mean radial magnetic field strength measured
during Ulysses’ first polar orbit, scaled to r = 1 AU (McCo-
mas et al. 2000). This yields B⊙ = 11.8 Gauss.

TABLE 1
PARAMETERS IN NUMERICAL EXAMPLE

Quantity Value

n⊙ . . . . . . . . . . . . 108 cm−3

T⊙ . . . . . . . . . . . . 7×105 K
δv⊙ . . . . . . . . . . . . 41.4 km/s
fmax . . . . . . . . . . . . 9
R1 . . . . . . . . . . . . 1.29R⊙
L⊥⊙ . . . . . . . . . . . . 103 km
cd . . . . . . . . . . . . 0.75
c2 . . . . . . . . . . . . 0.17
αH . . . . . . . . . . . . 0.75

The resulting numerical solution resembles the fast solar
wind in several respects and illustrates the physical processes
operating in our model. The density profile is shown in the left
panel of Figure 2. Near the Sun, n decreases rapidly with in-
creasing r. At larger r, as the wind approaches its asymptotic
speed, n becomes roughly proportional to r−2. The Coulomb
collision time scales ν−1e , ν−1pp,C, and ν−1pe are shown in the mid-
dle panel of Figure 2. Also plotted are the advection time
scale tadv= r/U and the total proton scattering time scale ν−1p ,
which includes the effects of temperature-anisotropy instabil-
ities. Close to the coronal base, the density is sufficiently
large that Coulomb collisions play an important role, acting
to maintain Te ≃ T⊥p ≃ T∥p. Farther from the Sun, however,
Coulomb collisions cause only a negligible amount of proton-
electron energy exchange and proton temperature isotropiza-
tion. In the right panel of Figure 2, we plot the ratios of ther-
mal to magnetic pressure, βe, β⊥p, and β∥p (defined in the

• We solve these eight, coupled, PDEs numerically using the 
implicit algorithm developed by Hu et al (1997) and integrate 
forward in time until we reach a steady state.

• the magnetic field strength is chosen to match Ulysses 
measurements at 1 AU. For fmax=9,  B(1 Rs) = 11.8 G.



Density and Velocity Profiles

• Left panel:  Xs are from observations of white-light scattering in a polar coronal hole 
(Allen 1973). Circle is from Ulysses measurements (McComas et al 2000).

• Right panel:  open box gives the range of upper limits from UVCS observations 
(Esser et al 1999). Circles are Helios measurements (Bavassano et al 2000). Square is 
the mean high-latitude flow speed in Ulysses measurements, scaled to r= 1 AU 
(McComas et al 2000).



Temperature Profiles

• Left panel:  triangles are kinetic proton temperatures from UVCS measurements 
(Esser et al 1999). Xs (squares) are Helios measurements of T||p (T⊥p) in fast wind 
with 700 km/s < U < 800 km/s (Marsch et al 1982). 

• Right panel:  triangles are electron temperatures from SUMER observations (Landi et 
al 2008). Square is the mean electron temperature in ISEE 3 and Ulysses 
measurements in fast wind with 600 km/s < U < 700 km/s (Newbury et al 1998).



Temperature Anisotropy and the Partitioning of 
Turbulent Heating Between Qe, Q||p, and Q⊥p

• Left panel:  Upper (lower) dotted curve is the mirror (oblique firehose) threshold 
(Hellinger et al 2006). Dashed line is a fit to Helios data (Marsch et al 2004).

• Right panel:  at r < 1.35 Rs, stochastic heating is weak because δB/B0 is small. For 1.35 
Rs < r < 185Rs, stochastic heating dominates. Parallel proton heating is weak at all r 
in this solution.


