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Spectral exponent at  the  
sub-ion scales 

-2.8 

“the slopes of the spectra in the dispersive  
range (i.e., [fρi , fρe ]) cover the range  
∼ [−2.5,−3.1] with a peak at ∼ −2.8”. 

-7/3 

-7/3: strong turbulence  
phenomenology  (critical balance) 

While inertial range slopes: -1.63±0.14  
(Smith at al. ApJ 645 L85 (2006) using ACE) 



Usual Alfvenic cascade phenomenology (strong turbulence) 

7/3 ≈ 2.3 : observed spectra are usually steeper 



Possible additional effects: 
 
• Landau damping , (Howes et al. JGR 113, A05105, 2008; PoP 18, 102305, 2011): 
 

      Balance between energy transfer and  Landau dissipation: 
      Leads essentially to energy flux                                and   
       Revised version (Passot & Sulem 2015) predicts a non-universal correction to the 
       power-law  exponent. 
 
• Structures  (intermittency) :  (Boldyrev & Perez, ApJL, 758, L44, 2012) 
 

     Semi-phenomenological model: 
 
 
 
 

is conserved. 

Power counting gives  exponent  -7/3 
but numerics suggests  -8/3 ≈ 2.7 
(viewed as intermittency corrections)  

numerical dissipation 
range 

Transition MHD-kinetic zone : (Voitenko & De Keyser, NPG 18, 587, 2011) 
Possibly steeper spectrum as the result of a different dispersion scaling. 

. 



3D Electron-MHD in the presence of a strong magnetic field 
(Meyrand & Galtier, PRL 111, 264501, 2013) 
 

Existence of  a            spectral range  
 
2D hybrid simulations in the plane perpendicular to the ambient field 
(Franci et al., ApJ Lett. 804, L39, 2015): 
 

-5/3 spectrum  at the MHD scales 
  -3   spectrum at the sub-ion scales  

- 8/3 

Gyrokinetic simulations  

(Howes et al., PRL 107, 035004, 2011) (Told et al., PRL 115, 025003, 2015) 



A phenomenological model for KAW turbulence   

Extend analysis of Howes et al. (2008, 2011) by  
 

• Retaining  the influence on the energy transfer time, of the process of ion 
temperature homogenization along  the magnetic field lines induced by 
Landau damping. 
 

• Improving description of nonlocal interactions. 

Stretching frequency Alfvén wave frequency  

Main results: 
 
• Critical balance establishes gradually as         increases, permitting a  
      weak large-scale turbulence to become strong at small enough scales. 
 
• Non-universal power-law spectrum for strong turbulence at the sub-ion scales 
     with an exponent which depends on the saturation level of the nonlinearity 
     parameter                                    , covering a range of values consistent with  
     solar wind and magnetosheath observations. 
 



(by electron velocity gradients)    

rate of strain due to all the scales larger 
than 1/k ┴  (Elisson 1961, Panchev 1971) 

Transverse magnetic spectrum 

Local expression recovered when the  
Integral diverges at large k ┴ 



Energy balance: 

energy flux: 

TH = 1/ωH = characteristic time for temperature homogenization on a correlation length  1/kǁ 

transfer rate: 

Another time scale originates from the compressible character of KAWs, which are  
subject to Landau damping : leads to homogenization of ion and electron temperatures 
 along magnetic field lines.  
 
Electron temperature homogenization is  too fast to affect the dynamics. 

Thermal velocity appears as the streaming velocity of the particles along the  
magnetic field lines. 



Integral expressions for the frequencies can be replaced by differential equations. 





When the energy spectrum does not decay too fast, the interactions are mostly local. 
 
In non dimensional units: 

When ε is constant, usual predictions for of KAW strong and weak turbulence 
are recovered . 

: 



In fact, due to Landau damping, the cascade is not conservative 
and the energy flux depends on the wavenumber.  
 
For strong turbulence (kz negligible) 

In the sub-ion range: 

 k 



More quantitative analysis by numerical simulations of the differential system. 
 
Differential system 

  
• Retains nonlocal interactions (relevant for relatively steep power-law spectra) 
 
• Permits variation of the nonlinear parameter along the cascade 
     and transition from large-scale weak turbulence to small-scale strong turbulence 

The functions γ and ω are obtained using the WHAMP software 



Sahraoui et al., ApJ 777, 15, 2013  

“the slopes of the spectra in the dispersive  
range (i.e., [fρi , fρe ]) cover the range  
∼ [−2.5,−3.1] with a peak at ∼ −2.8”. 

Phenomenological model Solar wind observations 

Strong turbulence regime 

Sub-ion exponent  depends on  the saturation value 
Λ of the nonlinear parameter. 

Range for extended sub-ion power law 

β=1 

Comparable ranges of variation for the spectral exponent 

┴ 



Further decrease of the injection rate leads to a            range extending down the  
Ion gyroscale, a situation observed in the magnetosheath, near the bow shock 
(Czaykowska et al. 2001, Alexandrova et al. 2008) 

Smaller injection rate. 



Influence of β 

Spectral bump: consequence 
of sharp decrease of ion 
Landau damping at these 
scales 

Λ is taken smaller at lower  β,  in order to keep a moderate Mach number. 



Saturation of the nonlinear parameter : from large-scale weak turbulence to  
small-scale strong turbulence. 

Increasing A: change from strong to weak turbulence at the injection wavenumber k0 

A=0.5: critical balance: strong turbulence 
A=5: intermediate regime at large scale, 
          strong turbulence at small scales 

Large scales: Weak turbulence 
Small scales: 
A=10:  strong turbulence  
A=15: nonlinear transfer cannot efficiently compete 
 with Landau damping : exponential spectrum 

-1.97 



FLR-Landau fluid  
 

Fluid model retaining Hall effect,  Landau damping and ion finite Larmor radius (FLR) corrections in 
the sub-ion range. Electron FLR corrections and electron inertia neglected. 
(Extension of Landau fluid for MHD scales, Snyder, Hammett & Dorland, Phys. Plasmas 4, 3974, 1997). 
 
The fluid hierarchy for the gyrotropic moments is closed by evaluating the gyrotropic 4th rank 
cumulants and the non-gyrotropic contributions to all the retained moments, in a way consistent 
with the linear kinetic theory, within a  low-frequency asymptotics. 
 
In brief, consider the expressions of the various moments provided by the low-frequency linear kinetic theory,   
combine them to eliminate as much as possible the plasma dispersion fonctions Zr(k,ω).  
When not possible, use suitable Padé approximants. 
 

The model reproduces dispersion and damping rate of low-frequency modes at the sub-ion scales. 
 

Passot  &  Sulem, Phys. Plasmas 14, 082502, (2007); Passot, Sulem & Hunana, Phys. Plasmas 19, 082113, (2012); 
Sulem & Passot, J. Plasma Phys. 81 (1), 32810103 (2015) 
 

First  3D  FLR-LF simulations of turbulence at ionic scales presented in  
Passot, Henri, Laveder & Sulem, Eur. Phys. J. D. 68, 207, 2014. 



Alfvenic turbulence 

The system is  driven  by a random forcing 

KAW frequency of wavevector kn 

Propagation angle : 80o - 86o 
KAWs are generated by resonance 

Driving is turned on (resp. off) when the sum of  kinetic and magnetic energies  is below (resp. 
above) a prescribed threshold: prescribed amplitude of the turbulence fluctuations. 
 

Initially, equal isotropic ion and electron temperatures with βi= 1.  
 

FLR-Landau fluid model  is numerically integrated  using  a Fourier spectral method in a  
3D periodic domain , 5.7  to 14  times more extended in the parallel direction than in the 
perpendicular ones, in order to focus on the quasi-transverse dynamics. 
 

Weak hyperviscosity and hyperdiffusivity  are supplemented 
• to ensure the presence of a numerical  dissipation range,  
• to mimic the effect of Landau dissipation at ion scales not retained in the simulation 
 (do not affect spectral exponents) . 
 
 

Resolution of 1283 (or 2563) points before aliasing is removed. 



Simulations performed for various amplitudes of turbulent Alfvenic fluctuations,  
and various propagation angles. 

Run A+ Run A Run B80 Run B83 Run B86 

Angle of injected KAWs 80o 80o 

 
80o 

 
83.6o 

 
86o 

 

rms of v ┴ and B ┴ 0.2 0.13 0.08 0.08 0.08 

L┴/L// 

 
0.18 0.18 0.18 0.11 0.07 

rms of resulting density 
fluctuations 

0.045 0.03 0.014 0.016 0.017 

Transverse magnetic 
spectrum exponent 

-2.3 -2.6 -3.6 -2.8 -2.3 

𝐴 = (𝑘𝑧/𝑘0)(𝐵0/δ𝐵┴0) 0.9 1.4 2.2 1.4 0.9 

KAW modes driven at |k di|  =0.18 (the largest scales), and  propagation angles with the 
ambient field  of 80°, 83.6°and 86° (varied by changing the parallel size of the domain). 
 
βi = βe = 1 



Poincaré maps of magnetic field lines for 32 initial conditions 

Large amplitude Small amplitude 

Numerical evidence of the diffusion process along magnetic field lines 



Run A+: large amplitude   Run B80: small amplitude 

Ions 

electrons 

s s 

s 
s 

along field line 

along ambient field Parallel temperatures 

σs
2=0.0015 

σz
2=0.0022 

σs
2=5x10-5 

σz
2=8x10-5 

σs
2=2.2x10-5 

σz
2=1.8x10-4 

σs
2=10-6 

σz
2=9x10-6 

Ion temperature is  
smoother and has 
smaller fluctuations 
along field line 

Electron temperature 
diffuses more efficiently 
than ion temperature 

Temperature homogenization 
more efficient at smaller amplitude 



Run A+: large amplitude   Run B80: small amplitude 

Ions 

Electrons 

Longer 
correlation 
length 
for  
electrons/ 
smaller 
amplitude 



Turbulence anisotropy 
 
Parallel wave number along the local magnetic field line of an eddy with  
transverse wavenumber       (Chow & Lazarian, ApJL  615, L41, 2004) 

Parallel wavenumber defines the inverse correlation length along magnetic field lines, 
at  a specified transverse scale. 



A+ 

A 

B80 

B83 

B86 

k ┴rL  

For small amplitude fluctuations, (B80),  kǁ is rather flat, suggesting  weak turbulence. 
 
For larger amplitudes, kǁ  grows as a power law (as expected in a strong turbulence regime), 
and saturates at small scales. 
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Spectra are steeper when the nonlinearity parameter is smaller. 

Slopes : 
-2.3 
-2.3 
-2.6 
-2.8 
-3.6 

Spectra averaged over 150 Ωi 
-1 

 in the quasi-stationary regime.  

When the parameter                                                   is small enough critical balance is satisfied.  

Values of A: 
0.9 
0.9 
1.4 
1.4 
2.2 



Main features of the phenomenological model: 
 
• Introduction of a new time scale associated with the homogenization process along 

magnetic field lines, induced by Landau damping 
 

• Differential equations for the characteristic frequencies, aimed at retaining nonlocal 
interactions.  
 

• Critical balance establishes “dynamically”, permitting a weak large-scale turbulence to 
become strong as the cascade proceeds. 
 

• The model predicts a non-universal power-law spectrum for strong turbulence at the sub-
ion scales with an exponent which 

  
      - depends on the saturation level of the nonlinearity parameter, 
 

      -  covers a range of values consistent with solar wind and magnetosheath observations. 

Conclusion 



 

  

Conclusion (continued) 
 

 
 
3D FLR-Landau fluid simulations of Alfvenic turbulence at the ion scales   
 

• Spectral index is not universal 
    (varied by changing amplitude and  angle of driven KAWs). 
       
• Critical balance is satisfied when  fluctuations are strong enough. 
      Saturated value of the nonlinear parameter increases with the amplitude of 
      turbulent fluctuations. 
 

      Differently, for small amplitude, kǁ is almost constant (weak turbulence) 
 
Further numerical developments  
 

• Perform a spectral analysis in order to discriminate between the different kinds of 
waves present in the simulation. 

 

• Increase the resolution in order to extend the retained sub-ion range and also to 
capture more MHD scales. 
 

• Analyze influence of β. 
 


